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Chirality frustrates and shapes the assembly of flexible filaments in rope-like, twisted bundles
and fibers by introducing gradients of both filament shape (i.e. curvature) and packing throughout
the structure. Previous models of chiral filament bundle formation have shown that this frustra-
tion gives rise to several distinct morphological responses, including self-limiting bundle widths,
anisotropic domain (tape-like) formation and topological defects in the lateral inter-filament order.
In this paper, we employ a combination of continuum elasticity theory and discrete filament bundle
simulations to explore how these distinct morphological responses compete in the broader phase
diagram of chiral filament assembly. We show that the most generic model of bundle formation
exhibits at least four classes of equilibrium structure – finite-width, twisted bundles with isotropic
and anisotropic shapes, with and without topological defects, as well as bulk phases of untwisted,
columnar assembly (i.e. “frustration escape”). These competing equilibrium morphologies are se-
lected by only a relatively small number of parameters describing filament assembly: bundle surface
energy, preferred chiral twist and stiffness of chiral filament interactions, and mechanical stiffness of
filaments and their lateral interactions. Discrete filament bundle simulations test and verify contin-
uum theory predictions for dependence of bundle structure (shape, size and packing defects of 2D
cross section) on these key parameters.
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I. INTRODUCTION
Assemblies of chiral building blocks often inherit the
lack of mirror symmetry at the mesoscale from the mi-
croscopic scale of those subunits [1]. This effect is well
known in the context of chiral mesophases of liquid crys-
tals [2, 3], in which the lack of inversion symmetry of rod-
like molecules leads to self-organized, twisted textures.
One such state is the cholesteric phase, where the molec-
ular axis adopts a handed twist throughout the sample.
In a second class of systems, membranes formed by chiral
molecules (e.g. surfactants), the local 2D packing of chi-
ral elements ultimately leads to mesoscopically handed
morphologies, including helicoidal and spiral ribbons [4–
6]. In biological assemblies, where protein building blocks
are universally chiral at the molecular scale, the effect of
chirality to template morphology at a super-molecular
length scale is well known [7–9].
In this paper, we consider the influence of chiral-
ity to shape rope-like assemblies of 1D filamentous el-
ements, a common materials architecture. Chiral bun-
dles and fibers form in a diverse range of systems,
from supramolecular polymers, organogels and columnar
fibers [10–14], to protein fibers, both functional (collagen
[15, 16], cellulose [17], fibrin [18]) and pathological (amy-
loids [19], sickle hemoglobin [20]). While these systems
are clearly diverse in terms of both their structure and
interactions at the molecular scale, they share a common
geometrical template, with filaments or columnar molec-
ular stacks winding helically along the long axis of the
bundle or fiber (see Fig. 1A). This basic geometry leads
to generic, yet non-trivial, consequences for the resulting
structures and thermodynamics of assembly, owing to the
geometrical frustration of long-range order by chiral tex-
tures in self-organized bundles.
Geometric frustration refers to the incompatibility of
preferred patterns of local order and global constraints,
which prevents the propagation of distortion-free order in
assemblies [21–23]. In rope-like twisted bundles, frustra-
tion arises from two geometric mechanisms. The first,
orientational frustration, results from the tendency of
chirality to promote non-parallel textures of filament
backbone orientation throughout the assembly [24]. Lat-
eral gradients of filament bending introduced by chiral
ordering give rise to important size-dependent assembly
costs that can establish the equilibrium (self-limiting) fi-
nite size of bundles [25–28]. The second mechanism is
metric frustration, where the non-parallel, twisted tex-
tures of filaments favored by chirality make uniform
inter-filament spacing impossible [29]. It has been shown
that this metric frustration in twisted bundles can be
mapped onto the metric frustration of packing elements
on a positively-curved 2D surface [30, 31]. Specifically,
the distance of closest approach between filaments in a
twisted bundle corresponds one-to-one to the geodesic
distance between equivalent points on the “dual surface”,
whose curvature radius is proportional to the helical pitch
of bundle twist (see Fig. 1B). This “dual problem” has re-
ceived broad interest in diverse contexts ranging from the
long-standing Thomson problem [32] to the structure of
particle-assemblies at liquid droplet interfaces [33]. Pre-
vious studies have shown that metric frustration in both
bundles and curved crystals leads to intrinsic gradients
of stress in the assembly that in turn may trigger a rich
set of morphological responses [23], including self-limiting
domains [25, 26], defective bulk order [32, 34–37] and
anisotropic surface shapes [38–41].
In this paper, we explore the principles that se-
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FIG. 1: Competing morphologies of self-assembled chiral filaments. Compression at the perimeter is due to geometric
frustration of twisted textures. We show equivalent bundle cross section (A) and curved crystal structure (B) using the
previously derived mapping. At the top, elements are shaded according to local strain of inter filament distance ∆, relative
to ideal separation d. In (C), unwinding preferred chiral twist (or equivalently decreasing spherical curvature) allows a larger
assembly with reduced compression. In (D), excess free surface of anistropic, tape-like bundles leads to compression that grows
only with thinner cross-section dimension. In (E), the introduction of a 5-fold defect in the inter-filament order relaxes hoop
compression.
lect among the multiple competing morphologies sta-
bilized by geometric frustration in chiral filament bun-
dles. These distinct morphological responses are illus-
trated in Fig. 1, associated with bundle geometry along
the bundle (Fig. 1C), bundle surface geometry (Fig.
1D) and symmetries of inter-filament order in the bulk
(Fig. 1E). While chiral filament interactions select a pre-
ferred amount of bundle twist, the cost of both intra-
and inter-filament strains may be relaxed via an untwist-
ing of skewed filament packing (Fig. 1C), which cor-
responds to a geometric “flattening” of the dual metric
surface as lateral bundle area grows and allows bundles
to reach a larger diameter than possible for fixed twist.
Indeed, when chiral interactions are sufficiently “soft’,
bundle assemblies may “escape” frustration by untwist-
ing completely, and consequently grow to unbounded
domains. Alternatively, a second mechanism to relax
frustration cost is possible if surface energies (associated
with fewer cohesive bonds at the bundle exterior) are
sufficiently small compared to the cost to deform inter-
filament bonds, so that the bundle cross section becomes
highly anisotropic as shown in the tape-like morphology
in Fig. 1D. Analogous to the elastic instability for grow-
ing crystalline domains on spherical surfaces described
below, this morphology is driven by a tendency to lower
the overall growth of inter-filament strains with increas-
ing filament number in the bundle. Finally, Fig. 1E
shows that for sufficiently high overall twist in the as-
sembly, it becomes advantageous to adopt (5-fold) discli-
nation defects in the 2D bundle cross section to lower the
cost of geometric frustration of inter-filament spacing, a
phenomenon well-studied for the assembly of crystalline
arrays of positively curved surfaces.
Several previous studies [24, 26, 30, 31, 36, 37, 41]
have investigated how each of these “morphological re-
sponses” may effectively lower the cost of geometric frus-
tration imposed by chiral order in bundles. Here we ad-
dress how these distinct responses compete in the broader
phase space of chiral filament assembly. Specifically, we
use a combination of continuum elasticity theory and
discrete-filament bundle simulations to show that equi-
librium morphology is selected by a combination of key
thermodynamic (bundle surface energy), geometric (pre-
ferred chiral twist) and mechanical (stiffness of filaments
and their interactions) properties of filament assemblies.
In Sec. II, we present a generic continuum model of
defect-free twisted bundle assemblies, which allows us
to compare the structure and thermodynamics of finite
width bundle assemblies (possessing both isotropic and
anisotropic cross sections) to the cost of unwinding chiral
3interactions to allow bulk order to grow without frustra-
tion. We show that the possibility of “escaping frustra-
tion” is governed by the ratio of stiffness of chiral filament
interactions to the combined surface energy and mechan-
ical costs of forming finite width twisted domains. Above
a critical chiral interaction stiffness, bundles exhibit both
distinct isotropic (cylinder) and anisotropic (tape-like)
morphologies, while below this critical stiffness, finite-
diameter bundles are favored only within a narrow range
of weakly-cohesive surface energies, above which equi-
librium bundle growth causes assemblies to untwist to
the parallel, unfrustrated state. In Sec. III, we present
discrete filament bundle simulations that compare the
relative stability of bundles with anisotropic lateral di-
mensions to bundles which possess topological defects in
their interior order. We find that the optimal morpho-
logical response (boundary shape or bulk defects) is de-
termined by the filament number N , the bundle twist
and the ductility of inter filament bonds. For small-N
and ductile inter-filament interactions, bundles pass di-
rectly from defect-free cylinders (i.e. isotropic bound-
ary shape) to defective cylinders with increasing twist,
while for large-N and brittle interactions, the defective
cylinder phase is preempted by an intermediate phase of
defect-free anisotropic (tape-like) bundles. We argue that
the stability window of anisotropic tapes can be modeled
via continuum theory estimates for the relative costs of
straining inter-filament bonds (by geometric frustration)
compared to the surface energy cost of introducing excess
(anisotropic) boundary. We conclude with a discussion
of these results in the context of outstanding questions
regarding the role of geometric frustration in shaping the
assembly of chiral filament bundles.
II. ESCAPING FRUSTRATION TO BULK
ASSEMBLY: CONTINUUM MODEL OF
MORPHOLOGY SELECTION
In this section, we present a continuum elastic the-
ory for the formation of twisted bundles of chiral fila-
ments that relates the free energy of assembly to bundle
morphology, specifically the equilibrium twist and lateral
dimensions of the cross section. We begin by introduc-
ing the model and its application to the thermodynam-
ics of assembly with isotropic versus anisotropic bundle
cross sections, and then analyze the possibility of bun-
dle assemblies to “escape frustration” by relaxing inter-
filament twist with increasing size.
A. Model
We describe the assembly of twisted bundles as finite
domains of filaments with 2D columnar order and prefer-
ence for chiral textures of filament backbones [37]. A
columnar bundle is described by the shape of its 2D
cross section normal to the mean-orientation of filaments
2pi
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FIG. 2: The double-twist geometry is characterized by twist
rate Ω, related to the helical pitch of filaments and the inter-
filament skew angle, δθ. Here, r describes the radial distance
from the central axis.
(zˆ axis), a local 2D displacement u(x) (⊥ to zˆ) of lo-
cal filament positions away from a parallel and equally-
spaced (e.g. hexagonal) reference configuration, and
the unit vector orientation field of filament backbones
t(x) = (zˆ + ∂zu)/
√
1 + |∂zu|2. Given the shape and ge-
ometry of the bundle (described by u(x) and t(x)) the
following free energy describes bundle formation
F = Fassem + Felast + Fchiral. (1)
Here,
Fassem = −µρ0AL+ ΣPL, (2)
represents the bulk and surface terms for a bundle of
length L, cross sectional area and perimeter, A and P ,
respectively, and areal filament density ρ0. The net per
filament gain of inter-filament cohesion (minus entropic
loss) to add filaments to a bundle is −µ, while fewer
cohesive interactions at the lateral surface of the bundle
leads to a positive surface energy Σ [48]. The elastic
energy has the form,
Felast =
Bρ0
2
∫
dV κ2(x) +
1
2
∫
dV σijuij , (3)
where the first term represents the cost for intra-filament,
bending deformation, with B and κ(x) = |∂zt| the fil-
ament stiffness and curvature, respectively. The sec-
ond term describes the continuum elastic cost of de-
forming lateral inter-filament order (spacing and sym-
metry) where σij and uij are the respective in-plane
stress and strain tensors (with components in the plane
of lattice order, ⊥ to zˆ). We assume a isotropic, linear
elasticity appropriate for hexagonal inter-filament order
uij = Y
−1[(1 + ν)σij − νδijσkk] where Y and ν are the
respective Young’s modulus and Poisson’s ratio of the
42D filament array. The geometric coupling between po-
sitional and orientational degrees of freedom is built into
the form of the non-linear columnar strain [42],
uij =
1
2
(
∂iuj + ∂jui − titj
)
. (4)
The non-linear contribution from tilt is necessary to pre-
serve rotational invariance of the theory, and more in-
tuitively, represents the fact the distance of closest ap-
proach between filaments will be reduced when filaments
tilt relative to zˆ (i.e. ti 6= 0) without changing their posi-
tions in that plane (i.e. ∂iuj = 0). The final contribution
to F derives from orientation dependent interactions be-
tween chiral, rod-like elements, and hence, has the form
of the twist-elastic contribution to the Frank energy of
nematic phases [43],
Fchiral =
K
2
∫
dV
[
t · (∇× t) + q0
]2
, (5)
where K is the twist elastic constant (often written as
K22) and q0 6= 0 parameterizes the drive of chiral fil-
aments to adopt a twisted texture with t · (∇ × t) =
−q0 [49].
In simple chiral nematics (which lack positional or-
der) q0 6= 0 leads to a uniaxial cholesteric ground-state
texture, with nematic director rotating along a direc-
tion orthogonal to the nematic axis with a pitch 2pi/q0.
Due to the 2D positional order, uniaxial cholesteric tex-
tures require constant longitudinal gradients of in-plane
shears [44], and hence, are suppressed as L→∞. Hence,
for finite chiral columnar domains such as bundles, chi-
rality favors an alternative “double twist” texture [45],
in which filament orientations wind helically around a
central axis, and filament positions are simply rigidly-
rotated (shear-free to linear order) from one transverse
section to the next along the bundle. Parameterizing this
texture by the twist Ω of filaments around the axis, the
backbone texture is
t(x) ' zˆ + Ωrφˆ, (6)
where (r, φ) are polar coordinates with respect to the
twist axis. In this geometry, 1) each filament adopts a
helical shape and possesses a single pitch P = 2pi/Ω; and
2) neighbor filaments spaced δr along the radial direc-
tion adopt a nearly constant inter-filament skew angle
δθ ' Ωδr (see Fig. 2). Because t · (∇ × t) ' 2Ω ∝ δθ
for this texture, the preference for double-twist in the
bundle can therefore be linked to microscopic interac-
tions between chiral filaments which favor a fixed inter-
filament skew between neighbors δθ0 ∝ q0 and generate
an inter-backbone torque ∝ K(δθ − δθ0) for deviations
from this preferred local packing for which Fchiral/V '
2K(Ω − Ω0)2, where Ω0 ≡ −q0/2 is the rate of bundle
twist preferred by chiral interactions. [24, 26]
Given this double twist texture, these elastic costs for
intra-filament and inter-filament deformations may be
derived for a given 2D cross-section. For example, since
filament curvature grows linearly with distance from the
bundle axis κ(x) = Ω2r, the bending energy (per unit
volume) takes the simple form Fbend/V = Bρ0Ω
4〈r2〉/2,
where 〈r2〉 is the moment of interia of the cross section.
Calculation of the inter-filament elastic energy requires
solution of the mechanical equilibrium equations, which
are the Euler-Lagrange equations for u(x), ∂iσij = 0
combined with a compatibility condition that relates in-
plane gradients of inter-filament stresses to in-plane gra-
dients of filament tilt t⊥ (in-plane components of t)
Y −1∇2⊥σii ' −Keff , (7)
where Keff ' ∇⊥×
[
t⊥(∇⊥×t⊥)−(t⊥×∇⊥)t⊥
]
/2 and
plays a role equivalent to the Gaussian curvature in 2D
elastic membranes, connecting gradients of out-of-plane
tilt to gradients of in-plane stress. For the double-twist
texture in eq. (6) Keff = +3Ω
2, where the small-tilt ap-
proximation assumes sufficiently large helical pitch such
that (Ωr)  1, the frustration of inter-filament spacing
is equivalent to crystalline order on a sphere of radius
|Ω−1|/√3 [29].
In this model, consider two limiting classes of bundle
cross-sectional shape: cylindrical and tape-like twisted
bundles. Cylindrical bundles possess an isotropic (cir-
cular) cross-section, which would be optimal from the
point of view of surface energy. For a cylindrical bun-
dle of radius R the inter-filament elastic pressure has the
form, σii = 3Y Ω
2(R2 − 2r2)/8, illustrating the tendency
of compression to increase with distance from the bun-
dle center, analogous to the geometric compression of
a (flat) 2D membrane confined to the spherical surface.
From this stress distribution and the second-moment of
the cross section, 〈r2〉 = R2/2, we have
Felast,cyl(R)/V =
ρ0BΩ
4R2
4
+
3Y (ΩR)4
128
. (8)
In the second morphology, the helical tape, we assume
the cross-section has a rectangular shape with one lateral
dimension, the width w, much larger than its transverse
thickness t. We approximate the stress distribution by
taking the w  t limit, where introducing Cartesian co-
ordinates (x, y) along the respective width and thickness
axes, stresses will be independent of x (away from distant
ends at x = ±w/2). In this case, mechanical equilibrium
and vanishing normal stress along the wide edges require
σyy ' σxy ' 0. Combining compatibility with the con-
dition of zero average stresses along xˆ direction, we find
σxx ' Y Ω2(t2 − 12y2)/16. Notably, this solution shows
that compression increases away from the line y = 0,
leading to stress growth only along the thin dimension of
the cross-section (as opposed to w). This illustrates the
effect of introducing additional free surface to the frus-
trated assembly. Compatibility requires a nonzero stress
drop across that bundle cross section, and the introduc-
tion of free surface allows that stress drop to take place
along the narrow dimension of the domain through un-
constrained displacement of the boundary, thereby low-
ering the elastic cost of frustration (at the expense of
5breaking cohesive bonds and raising the surface energy).
Integrating the elastic stress through the section and us-
ing 〈r2〉 = (w2 + t2)/12 we have have
Felast,tape(w  t)/V = ρ0BΩ
4(w2 + t2)
24
+
Y (Ωt)4
160
(9)
This shows the key result that elastic costs (per unit vol-
ume) of extrinsic (i.e. bending) geometry of anisotropic
bundles are most sensitive to the wide dimension (grow-
ing as ∼ w2) as compared to costs of intrinsic (i.e. met-
ric) geometry which are controlled by the narrow dimen-
sion (growing as ∼ t4).
To analyze the free energy density of competing mor-
phologies it is useful to introduce two material dependent
length scales:
λS ≡ Σ/Y ; λB ≡
√
ρ0B
Y
, (10)
where the first length scale, the elasto-cohesive length, ef-
fectively characterizes the ratio of depth and elastic stiff-
ness of inter filament bonds, and the second, called the
bend penetration depth in the context of columnar or-
der [43], characterizes the relative cost of intra-filament
bending in comparison to inter-filament bond stretching.
Further by introducing the dimensionless length scales,
ρ ≡ R
λB
; υ ≡ w
λB
; τ ≡ t
λB
;ω ≡ Ω
Ω0
; (11)
and energy scales,
s ≡ Σ
Y Ω40λ
5
B
; k ≡ K
Y Ω20λ
4
B
; f ≡ F
V Y (Ω0λB)4
(12)
we arrive at dimensionless free energies for cylindrical
fcyl =
2s
ρ
+ 2k(ω − 1)2 + ω
4ρ2
4
+
3(ωρ)4
128
(13)
and tape-like bundles
ftape = 2s
(
τ−1 +υ−1
)
+2k(ω−1)2 + ω
4υ2
24
+
(ωτ)4
160
(14)
where we neglect the τ2 contribution to bending in the
w  t limit and we have dropped the constant contribu-
tion from the bulk chemical potential.
B. Cylindrical Bundles: Finite Diameter vs.
Frustration Escape
First, we analyze the equilibrium conditions for bun-
dles assumed to form cylindrical morphologies. Specifi-
cally, we analyze the role played by the strength of chiral
inter-filament interactions, as parameterized by k, to con-
trol the ability to unwind the helical twist of the bundle
(i.e. ω < 1) and allow the bundle to reach larger equilib-
rium sizes than possible for fixed twist, ω = 1. Here, we
consider the canonical ensemble and assume conditions
(e.g. saturated filament solutions) where all but a negli-
gible fraction of filaments are condensed into bundles. In
this case, assuming bundles adopt a mean radius ρ (with
negligible size fluctuations), the preferred size and twist
of bundles follows from minimization of fcyl with respect
to ρ and ω yielding the equations of state, respectively
s =
ω4ρ3
4
+
3ω4ρ5
64
, (15)
and
k = ω3
(
ρ2 + 3ρ4/32
4(1− ω)
)
. (16)
Solving the latter cubic equation for equilibrium twist we
find,
ωcyl =
3
2Γ
[
x1/3(Γ)− x−1/3(Γ)
]
, (17)
where x(Γ) = Γ +
√
1 + Γ2 and
Γ2(k, ρ) =
27
16k
ρ2(1 + 3ρ2/32). (18)
Fig. 3A shows the radius dependence of equilibrium
twist. Small bundles adopt preferred twist, ωcyl ' 1,
while large bundles untwist as ωcyl ∼ (k/ρ4)1/3 as
ρ → ∞ due to the size dependent elastic costs of twist
frustration. The crossover between “twist-locked” and
“mechanically-untwisted” bundles can be associated by
the “half-twist size” ρ1/2 defined by ωcyl(r1/2) = 1/2
in eq. (17). For weak chiral interactions (k  1)
ρ1/2 ∼ k1/2 indicating that bundles prefer to untwist
upon reaching only a small radius, while for stiff chiral
interactions (k  1) ρ1/2 ∼ k1/4 indicating that in the
limit of clamped chirality (k → ∞) bundles retain pre-
ferred twist at all sizes.
Inserting the size-dependent twist, eq. (17), into eq.
(15) yields the relation between surface energy and equi-
librium bundle size ρcyl. In the limit of s  1, bundles
are driven by relatively weak cohesive interactions and
retain preferred twist (ωcyl ' 1), reaching only a nar-
row size ρcyl ∼ s1/3  1 limited by intra-filament bend-
ing. The growth of bundles with increasing s is highly
dependent on the stiffness of chiral interactions, k (see
Fig. 3B). In the k → ∞ limit of “twist-locked” interac-
tions, bundles crossover from s  1 to size limited by
geometrically-induced inter-filament stress at large sur-
face energy, ρcyl ∼ s1/5  1. For finite k, the reduc-
tion of equilibrium twist (shown in Fig. 3A) leads to
larger bundle sizes for a given s, relative to the “twist-
locked” limit, due to the untwisting of bundles with in-
creasing size. This leads to a maximal s beyond which
surface energy drives the bundle to completely untwist
and reach infinite size. Thus, assembly can escape the
costs of geometric frustration provided that the cohesive
drive (as quantified by s) is sufficiently strong to untwist
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FIG. 3: In (A), plotting equilibrium twist of cylindrical bundles Ω (relative to value preferred by chirality, Ω0) as a function
of outer bundle radius, for a range of reduced chiral stiffness, k = K/(Y Ω20λ
4
B), shows untwisting radius (defined by Ω = Ω0/2)
increases with k. In (B), we show the selection of equilibrium cylinder size, Rcyl, as a function of reduced surface energy
s = Σ/(Y Ω40λ
5
B), for a range of reduced chiral stiffness k. In (C), the outer filament twist angle tan θ = ΩRcyl of equilibrium
cylinders, shows a generic non-monotonic dependence on surface energy. The inset in (C), shows the radius dependence of
twisted cylinders near to the transition from finite-diameter bundles and bulk, untwisted assembly at s = s∗ for k = 10. In (B)
and (C), dashed curves show metastable branches (for s∗ < s < smax) where finite cylinders are separated from (equilibrium)
bulk assembly by a finite free energy barrier.
assembly to the parallel state. This follows from the fact
that beyond r1/2 bundle twist falls rapidly, and conse-
quently the size-dependent mechanical costs fall (propor-
tional to ω4cyl) allowing bundles to grow to much larger
sizes, peeling away from the k → ∞ behavior and ulti-
mately exhibiting a singular divergence at a critical sur-
face value smax. The k-dependence of this maximal smax
can be estimated by using half-twist condition (ρ1/2 and
ωcyl = 1/2) in the equation of state, eq. (15), yielding
smax ∼ k3/2 for k  1 and smax ∼ k5/4 for k  1. Thus,
the stable range of self-limiting chiral filament bundle as-
sembly vanishes as k → 0, and conversely, extends at all
s for infinitely stiff chiral interactions.
Before considering the effect of “frustration escape” on
the competition between cylindrical and tape-like bun-
dles, we point out two features of the untwisting tran-
sition. Fig. 3C shows the non-monotonic evolution of
the twist angle θ = arctan(ΩR) as a function of s for a
range of chiral stiffness, k. For weakly cohesive assem-
bly, θ generically increases with s due to the increasing
radius and roughly constant pitch, while for sufficiently
large s, bundles untwist substantially (say for s near the
half-twist condition) leading to a maximum θ beyond
which twist angle begins to decrease before a singular
drop at smax. A second feature is illustrated in the inset
of Fig. 3C, showing plots of the free energy vs. bundle
radius near to smax, where fcyl is plotted relative to the
bulk, untwisted (ω → 0, ρ → ∞) state. As surface en-
ergy approaches this value from below, the depth of the
finite-ρ minimum increases until it reaches a critical value
s∗cyl < smax where finite cylinder assembly is in equilib-
rium with bulk, untwisted assembly. For s∗cyl < s ≤ smax
finite diameter bundles remain metastable in the regime
of equilibrium bulk order (depicted as dashed curves in
Fig. 3), while for s ≥ smax the barrier associated with
untwisting to the parallel, unfrustrated state is removed.
While bundle metastability is a generic feature for finite
k assembly, the range of metastable s is relatively nar-
row, because s∗cyl exhibits the same scaling dependence
on stiffness of chiral interactions as smax.
C. Twisted Cylinders vs. Helical Tapes vs. Bulk,
Untwisted Assembly
We now revisit a previous prediction for morphol-
ogy transition between twisted cylindrical bundles and
twisted tapes, which assumed fixed twist (i.e. fixed Ω)
as a opposed to fixed chiral interactions (i.e variable Ω
for fixed K and Ω0). Previously, we showed that for
fixed Ω, as Σ increases, the rapidly growing cost of inter-
filament frustration drives a morphology transition to
highly anisotropic tapes. In this case, frustration by
chirality is fixed, so that while tapes reach lateral di-
mensions (widths) that are larger than would be possible
for cylindrical morphologies, they remain finite for all
Σ due to the non-vanishing cost of finite twist. Hence,
in the present model (fixed chiral interactions) chiral-
ity acts as a “soft frustration” mechanism, which can be
overcome for sufficiently strong cohesive assembly drives
by untwisting from the preferred chiral twist to parallel
assembly.
Based on the continuum model, we consider the com-
petition between three phases: cylindrical bundles (finite
R and Ω), tape-like bundles (finite t, w and Ω), and un-
twisted bulk assembly (R→∞ and Ω→ 0). Along with
the equations of state for cylindrical bundles, the free en-
ergy of tape-like bundles is determined via the solution
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FIG. 4: Equilibrium morphology phase diagram for con-
densed chiral filaments (canonical ensemble) according to
stiffness of chiral interaction k = K/(Y Ω20λ
4
B) versus surface
energy s = Σ/(Y Ω40λ
5
B). Filled circle indicates a triple point
at stri = 6.65 and ktrip = 2.4, where finite-cylinders, tapes
and bulk, untwisted assemblies coexist.
for the equations of state of lateral bundle dimensions
and twist (minimization of ftape with respect to τ , υ and
ω),
s =
ω4υ3
24
=
ω4τ5
80
, (19)
and
k = ω3
(υ2 + 3τ4/20
24(1− ω)
)
. (20)
The first two conditions are easily solved for a given twist
υ = (24s/ω4)1/3 and τ = (80s/ω4)1/5. When s  ω4,
due to the weaker growth of the bending energy (∼ υ2)
compared to the cost of inter-filament frustration (∼ τ4),
large cohesive energies cause tapes to grow increasingly
more anisotropic, leading to w/t 1.
Solving the additional condition for twist equilibrium,
we find a qualitatively similar trend as described above
for isotropic cylinders: tape dimensions increase with ap-
proximately constant ωtape ' 1 for small s, and at a crit-
ical size range equilibrium tapes rapidly unwind leading
to a singular increase in tape size at critical s, the value of
which increases with k. Indeed, because the thickness of
tapes scales in the same way as cylinder radius for large
s, the escape to bulk untwisted assembly (ωtape → 0) oc-
curs at comparable, if somewhat larger, values of surface
energy for tapes relative to cylindrical bundles.
The boundary between equilibrium cylinders and tapes
is found by solving the condition fcyl = ftape for equilib-
rium structures, while the transition to bulk (untwisted)
assembly is determined by comparing free energies of
bundle morphologies to fbulk = 2k. For the k → ∞
limit of stiff chirality we find that reduced inter-filament
frustration, at the expense of excess surface energy, in
tapes leads to a transition from cylinders to tapes at
sc/t(k →∞) ' 3, 860, as previously reported in ref. [41].
For finite k, soft chiral interactions allow bundles, both
tapes and cylinders, to untwist to bulk parallel assem-
bly above a critical surface energy, as estimated by smax
above. Whether this untwisting transition occurs from
a cylinder phase or tape phase of bundles can crudely
be determined by comparing the k dependence of smax
to sc/t. This crude estimate suggest a critical range of
k ≈ 100, above which stiff chiral interactions allow bun-
dles to grow to sufficient size that inter-filament frustra-
tion drives a morphology transition to equilibrium tapes
at large s. For “soft” chiral interactions (k <∼ 100), frus-
tration escape proceeds at sufficiently low s to prevent a
broad range of stable equilibrium tapes before the bulk
phase is reached at high s
This crude picture is consistent with the 3-phase as-
sembly phase diagram computed from exact solution of
the equations of state above, as shown in Fig. 4. We
note, however, that even in the regime of “soft” chiral
interactions (k <∼ 100) a narrow window of equilibrium
persists between cylindrical bundles and bulk assembly
due to the fact that bundle sizes grow dramatically with
s near to the untwisting transition, generically accompa-
nied by a sufficient rise in inter-filament frustration costs
to drive a transition to tapes, albeit tapes which are also
very close to the point of frustration escape via untwist-
ing. A narrowing window of tapes persists down to a
triple point at stri = 6.65 and ktri = 2.4, below which
very soft chiral interactions permit weak surface energy
to drive finite cylinders directly to bulk, untwisted fila-
ment arrays.
III. RESHAPING THE BOUNDARY VS.
REORGANIZING THE INTER-FILAMENT
ORDER: DISCRETE-FILAMENT MODEL OF
MORPHOLOGY
In this section, we investigate how frustrated chiral
bundle assemblies select between two fundamentally dis-
tinct morphologies: defect-free bundles with anisotropic
shapes (tapes) and bundles possessing topological defects
in the interior, but with otherwise isotropic cross sec-
tions. Previous studies have investigated these distinct
morphologies as independent structural responses to frus-
tration in chiral bundles.
Disclinations are point-like locations in a 2D quasi-
hexagonal packing where 6-fold inter-filament bond order
breaks down. As shown schematically in Fig. 1E, 5-fold
disclinations allow partial relaxation of the frustration-
induced compression along the azimuthal direction in
twisted bundles [29, 36], akin to how they relax hoop
compression in spherically-curved crystals [46]. Defect
configurations are characterized by their net topological
8charge Q, which is the sum of total deficit in coordina-
tion (e.g., assigning value +1/-1 to 5-fold/7-fold discli-
nations). Previous theory [36] and simulation studies
[30, 31] of twisted bundles with quasi-cylindrical bound-
ary shapes show that the stability of excess disclinations
in the ground state packing is controlled by the prod-
uct ΩR ≡ tan θ, which corresponds to the area integral
of Gaussian curvature of packings mapped onto the dual
surface [29]. For bundles θ ≤ θc = arctan(
√
2/9) ' 0.44,
cylindrical bundles favor Q = 0 packings (largely defect
free), while for θ > θc ground states possess excess 5-
fold disclinations, Q > 0 with a number that increases
from +1 to a maximum of +6 for highly twisted bundles
(θ → pi/2).
In a parallel study, Hall and coworkers [41] investigated
the possibility for bundles to relax frustration without
defects, through a reorganization of boundary shape. As
described above, surface energy drives bundles to form
larger diameters, which in turn increases the costs of
frustration-induced elastic energy. Because the cost of
metric frustration grows rapidly with the area of isotropic
bundle cross sections A, growing as ∼ A2, relatively stiff
inter-filament bonds ultimately lead to an elastic instabil-
ity of boundary shape that drives cross sections to adopt
anisotropic shapes (i.e. tape-like morphologies). This in-
stability, which parallels the behavior of defect free crys-
tal growth on spherical surfaces [38, 40, 47], lowers the
elastic cost of inter-filament frustration by limiting the
narrow dimension of the structure, at the expansion of
increased surface energy and intra-filament bending cost.
In this previous study, which considered the (fixed twist)
canonical ensemble, we showed that this bundle to tape
transition occurred at the critical value of surface energy,
sc ' 3, 860 (simulation results showed a lower threshold,
sc ≈ 20− 60).
Here, we employ a discrete filament bundle simulation
model to compare the relative stability of these compet-
ing morphological responses. For simplicity, we focus this
study on the fixed twist and fixed filament number (mi-
crocanonical) ensembles. In contrast to previous stud-
ies, we compare numerically simulated bundle cross sec-
tions that alternately optimize boundary shape and inter-
filament order, and investigate the conditions that select
between boundary shape vs. defect-mediated morphol-
ogy response.
A. Discrete filament bundle model and simulation
methods
We consider a discrete filament model of chiral filament
bundles. Bundles are described by a fixed number of
filaments N and fixed (post-equilibrium) value of twist Ω.
The energy of bundle assembly is modeled by the energy
of a cross-sectional slice of height ∆z, whose energy ∆E
is described by
∆E =
N∑
i=1
(
B
2
κ2i +
∑
ρj≤ρi
u(|∆ij |)√
1 + κj∆ij ·Nj
)
∆`i. (21)
The first term describes bending energy of filaments with
κi = Ω
2ρi/[1 + (Ωρi)
2] with ρi the radial distance of
the ith filament from the twist axis. The second term
describes the cohesive interaction of filament i with fila-
ment j (by definition at an inner radial distance, ρj ≤ ρi),
which can be captured by the distance of closest approach
∆ij between center lines of the filaments. Due to the 3D
geometry of filament backbones, the closest contact be-
tween curves of i and j is generically out of the plane of
the cross section, depending not only on distance between
points in the cross section, but also on their distance from
the central axis and the bundle twist Ω (see eqs. B8 and
B9 in appendix B 1). Here, we choose the same class of
cohesive potentials as in ref. [41]
u(∆) =

6
[ 5σ11
(∆ + σ − d)11 −
11σ5
(∆ + σ − d)5
]
(22)
where  is the cohesive energy per unit length of fil-
aments separated at an equilibrium distance d (e.g.,
their diameter). We choose a “5-11” potential since the
form follows directly from the integration of a pair-wise
Lennard-Jones potential between a point on i and a (lo-
cally straight) section of j, ∆ij away, where the factor
of (1 + κj∆ij · Nj)−1/2 corrects for the curvature of
j (with Nj , its normal). Here, σ sets the ductility of
pairwise bonds: σ  d results in brittle inter-filament
bonds and σ  d results in ductile bonds. In eq. (21)
∆`i = ∆z
√
1 + (Ωρi)2 is the length element of i in the
cross section. From the energy per slice, we define the
(intensive) energy per filament length,
E ≡ ∆E/∆L, (23)
where ∆L =
∑N
i=1 ∆`i is the total filament length per
cross-sectional slice. We focus simulations on the case
of negligible bending energy content, and choose only a
minimal non-zero value of B = 10d2, so as to provide
a slight inward force on filaments towards the bundle
center.
To determine equilibrium morphologies for a given N ,
Ω, bending stiffness and inter-filament potential, we min-
imize E with respect to in-plane filament coordinates xi.
As the energy landscape of this optimization problem is
rough due to the underlying frustration, resulting equilib-
ria are highly dependent of both initial configurations and
sampling protocol. Rather than seek a rigorous ground
state (say via advanced sampling), here we aim to iden-
tify candidate ground state structures which are assumed
to closely parallel the true ground state in terms of energy
and structure. As the structural competitors of ground
states fall into at least two morphologically very distinct
states (presumably separated by multiple large energy
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FIG. 5: Simulated ground states of discrete-filament model of chiral bundles at fixed N = 181, for increasing values of reduced
twist Ωd, where d is equilibrium center-to-center filament spacing, or diameter. Top row shows a relatively ductile case where
cohesive interaction range σ is equal to d, showing a transition from (approximately) cylindrical defect-free bundles to defective,
cylindrical packings possessing excess 5-fold disclinations, i.e. Q = +1,+2 and +3. Red (blue) filaments label sites of interior
5-fold (7-fold) disclinations. The bottom row shows a relatively ductile case, where low-twist, defect-free cylinders transition
to intermediate-twist anistropic “tape-like” bundles, followed by a re-entrent cylindrical morphology (with excess defects) at
high twist.
barriers) for each set of simulated bundle parameters we
use a combination of the following methods.
Method A - This method considers filament positions
which are initially defect-free and templated from an
hexagonal lattice of spacing d, but fall within a cross-
sectional “stencil” of variable anisotropic structures. The
stencil is described by a stadium curve with lateral in-
ner dimensions, X1 and X2, such that narrower ends
of the stencil are capped by hemicircular arcs of radius
|X1 −X2|/2. The stencil dimensions and boundary fila-
ments are adjusted such that the total number of enclosed
filaments is N (see Appendix B 2), producing a distinct
initial configuration that varies from nearly isotropic,
cylinders (X1 ≈ X2) to highly anisotropic, tape-like bun-
dles (X1  X2). From each of these distinct initial con-
figurations, filament positions are first relaxed to avoid
overlaps with ∆ij < d (see Appendix B 2), and following
this, relaxed according to conjugate gradient minimiza-
tion of E , and the lowest energy (per length) is selected
as the defect-free ground state candidate.
Method B - This method makes no assumption of initial
triangular order and instead allows bundles to form with
uncontrolled defect types, numbers and locations in the
bundle cross sections. Bundle initial positions are gen-
erated by random placement of filament positions with
a distance of 0.5d
√
N from the bundle axis, followed by
a post-initialization relaxation to remove overlaps (see
Appendix B 2). From random initial configurations, fila-
ment positions are relaxed according to conjugate gradi-
ent minimization of E . For each set of bundle parameters,
at least 3000 random initial configurations are generated,
and the lowest final energy is selected as the ground state
candidate.
Following application of both relaxation methods,
ground state competitors are characterized according to
lateral aspect ratio, α, defined by the dimensions of the
rectangle with minimal area that encloses the cross sec-
tion, including filament volumes. Additionally, the inter-
filament packing is triangulated, making use of the con-
formal projection from the dual curved surface to the
2D plane [31], bulk disclination defects are identified as
positions of non 6-fold coordination not lying along the
outer edge of the bundle, and the net topological charge
Q is computed as the sum of total deficit in coordination
(relative to 6-fold) from that set of defects.
B. Simulation Results and Discussion
Results of minimal energy morphologies for N = 181
filaments are shown in Fig. 5 for two different interac-
tion ranges and a sequence of increasing twist, between
Ωd = 0.015 − 0.134. For the relatively ductile poten-
tial σ = d, we find that bundle cross sections remain
roughly circular, but adopt excess 5-fold disclinations
above a critical twist (Q ≥ +1 for Ωd ≥ 0.075), and
increasing topological charge with further twist, consis-
tent with the results for the same potential in ref. [30].
In contrast, for the shorter-range, or relatively brittle,
potential σ = 0.4d, at relatively low twist, before the on-
set of defects, optimal bundles become anisotropic. At
Ωd = 0.03 the cross section becomes weakly anisotropic
10
0
+1
+2
+3
+4
Q
to
po
lo
gi
ca
l
 
ch
a
rg
e
,
cy
lin
de
r
ta
pe
A B
0.4 0.6 0.8 1.0 1.2 1.4
0.0
0.5
1.0
1.5
0.4 0.6 0.8 1.0 1.2 1.4
0.0
0.5
1.0
1.5
0.002 0.005 0.010 0.0200.002 0.005 0.010 0.020
FIG. 6: Morphology phase diagrams from discrete filament simulations for N = 181 (A) and N = 59 (B), where a threshold
value of aspect ration α = 1.5 is used to distinguish cylinders from tapes and apparent aspect ratios of bars highlight optimal
energy aspect ratios. Dashed line is drawn from predicted threshold for critical twist to stabilize 5-folds in cylindrical bundles
and solid blue line is determined by continuum theory prediction for fixed N (and λB = 0) transition between defect-free
cylinders and tapes (as discussed in text).
α ' 1.49 (compared to the zero twist value of α = 1.04)
and becomes increasing tapered as twist is raised to
Ωd = 0.06 where α ' 2.94. For larger twist, optimal
bundles return to relatively circular boundary shapes (de-
fined according to α < 1.5), and punctuated with the
same excess of 5-fold disclinations as the ductile poten-
tial states. Thus, for sufficiently brittle inter-filament
potentials, anisotropic, defect-free bundles appear inter-
mediate to defect-free cylinders at low-twist and defective
cylinders at high twist.
In Fig. 6A, we present the morphology phase diagram
of N = 181 bundles spanned by ductility, σ/d (rang-
ing from 0.253 − 1.318) and reduced twist Ω√A where
A ≡ Nρ−10 with ρ−10 =
√
3d2/2 the area per filament in a
uniform hexagonal packing. Consistent with the above,
we observe that stable defect-free, anisotropic tapes are
generally confined to a range of twist intermediate to
defect-free and defective cylinders below a critical value
of ductility, (σ/d)c ' 1.0, beyond which the boundary
between cylinders and tapes shifts to lower twist with
increasingly brittle interactions. In this range of po-
tentials, the transition from defect-free bundles (either
cylinders or tapes) to defective cylinders appears largely
independent of ductility, occurring at a critical twist of
roughly (Ω
√
A)c ≈ 0.84. Assuming a circular symmetry,
A = piR2, this critical twist is consistent with the previ-
ous prediction and simulation result for threshold twist
at which the relaxation of geometric frustration per 5-
fold defect is sufficient to overcome the elastic self-energy
for defect formation in isotropic bundles [36, 37]. We
note that transitions to higher topological charge pack-
ings (Q = +2,+3,+4) also appear to be relatively inde-
pendent of ductility, occurring at roughly the same re-
duced twist for all values of σ/d.
In Fig. 6B, we show the morphology phase diagram
for a smaller bundle, with N = 59, which shows the
same generic trends as the larger bundle discussed above.
While the threshold reduced twists for stabilizing defec-
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FIG. 7: Triple point relation between filament number N =
Aρ0 and maximum λS
√
ρ0 for which tapes are stable. The
black triangles indicate results from N = 59, 101, 181, 440 and
1540 simulations where triple point λS
√
ρ0 was taken as the
highest σ/d value at which a defect-free tape structure was
found. Curves are predicted from continuum model where
the defect-free cylinder/tape boundary (Appendix A) crosses
the critical threshold for 5-fold defect stability in cylinders,
(Ω
√
A)c ≈ 0.84.
tive bundles are not observed to change significantly from
the N = 181 case, the range of stable tapes shifts to rela-
tively lower values of σ/d (more brittle interactions) with
defect-free tapes stable only below (σ/d)c ' 0.48 for N =
59. We observe the same basic trends in the phase dia-
gram (not shown) for bundles at intermediate (N = 101)
and larger (N = 440 and N = 1540) filament number,
with defect free cylinders for low-twist/ductile interac-
tions, defect-free tapes for intermediate-twist/brittle in-
teractions and defective cylinders at high twist, above
(Ω
√
A)c ≈ 0.84. Moreover, we observe the critical duc-
tility (σ/d)c, above which anisotropic cylinders do not
form and pass directly from low-twist defect-free cylin-
ders to high-twist defective cylinders, to increase with N ,
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FIG. 8: Surface, bulk, and total cohesive energy density of
simulated ground states (relative to Ω = 0 value), for N = 181
and σ/d = 0.30. Points show total energy E , with morphology
indicated as in Fig. 5 legend. The green and blue lines show
surface (Esurf ) and bulk (Ebulk filament contributions, where
Ebulk = E − Esurf and Esurf is the cohesive energy of surface
filaments relative to unstrained 6-fold order, i.e. eq. (B12).
Shaded vertical, regions highlight transitions between stable
morphology.
as shown in Fig. 7.
To understand the observed morphology transitions,
in Fig. 8 we analyze the energetics of ground-state bun-
dles for a sequence of increasing twist at fixed σ/d = 0.3
and N = 181 (i.e., sufficiently brittle to form tapes)
and compare to continuum theory predictions at fixed
N and B = λB = 0 (see Appendix A). Specifically,
we analyze the cohesive energy (relative to the Ω = 0
state), decomposed in the two pieces, Ebulk and Esurf ,
the energy of interior and surface filaments, respectively
(see Appendix B 3). The energy of defect-free cylin-
ders increases with small twist (both in the bulk and
at boundary), in accordance with the elastic penalty due
to frustration, ≈ Y A2Ω4, from eq. (8). For the fixed-
N case, the transition to tapes can be estimated by the
point at which the the inter-filament elastic energy of
cylindrical bundles grows in excess of the surface en-
ergy cost, or Σ
√
A >∼ Y A2Ω4, indicating that it is ad-
vantageous to create additional surface in order to relax
bulk frustration. A more careful analysis (see Appendix
A) gives a reduced twist for the cylinder-tape transition
(Ω
√
A)cyl/tape ' 5(λS/
√
A)1/4 ∝ (σ/d)1/2N−1/8, where
we used Y ≈ /σ2, Σ ≈ /d and hence, λS ≈ σ2/d. These
values of reduced twist are shown as blue curves in the
phase diagrams in Fig. 6, and agree well with the defect-
free cylinder-to-tape transition twist, and more signif-
icantly, its tendency to decrease with N and increase
with σ/d, depending on the relative cost of inter-filament
strain in comparison to bundle surface.
As shown in Fig. 8, at an intermediate range
of reduced twist (Ω
√
A)cyl/tape < Ω
√
A < (Ω
√
A)c,
anisotropic bundle shapes become favorable. From the
continuum model (see Appendix A), the equilibrium as-
pect ratio (for α  1) is determined by a balance of
excess surface energy, growing with narrow dimension
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FIG. 9: Optimal aspect ratio, α, for simulation bundle
ground states plotted versus a dimensionless ratio of pre-
dicted bulk-frustration to surface energy penalty for cylin-
ders, A5/2Ω4/λS , for values of N = 59, 101 and 181. The
dashed line shows large-α power law predicted from fixed-N
continuum model, with morphology indicated as in Fig. 5
legend. Note that defective morphologies fall below α ' 1.5,
the threshold we use to discriminate tapes from cylinders.
w =
√
Aα as ≈ Σ√Aα, and inter-filament strain growing
with thin dimension t =
√
A/α as ≈ Y Ω4(A/α)2, yield-
ing an equilibrium α∗ ≈ A(Ω4/λS)2/5 that increases with
filament number, twist and brittleness of inter-filament
bonds. This power-law trend for tape aspect ratio is
compared to simulated bundles in Fig. 9. Because
equilibrium anisotropy increases with twist Ω, The sur-
face energy Esurf of tapes increases rapidly with twist,
while Ebulk remains relatively constant with Ω due to the
mitigation of inter-filament strain by the narrow bundle
thickness, as shown for stable tapes at intermediate-twist
0.46 < Ω
√
A < 0.84 in Fig. 8.
At high twist (above (Ω
√
A)c ' 0.84), defective cylin-
ders become stable, leading to a drop of surface energy
due to the fewer number of boundary filaments in the
circular cross section. For high twist, Ebulk > Esurf
due to the straining of inter-filament bonds by the com-
bined effect of frustration and topological defects. As
reported previously in ref. [31] the steady increase of Q
with Ω leads to a nominal plateau of energy density at
high twist as interior defects effectively mediate the cost
of increased frustration by twist. This generic flatten-
ing of the bulk frustration energy due to one or more
excess 5-fold disclinations is responsible for the generic
crossover from stable intermediate twist tapes, with en-
ergies that grow for modestly with twist (ftape ∼ Ω4/5 as
compared to fcyl ∼ Ω4 for cylinders), to defective cylin-
ders, which approach a relatively constant, if somewhat
cuspy energy density due to the fixed circular boundary
and neutralizing effect of 5-fold disclinations.
We use the predictions of the continuum model to
present an overview of the fixed-N morphology selec-
tion in Fig. 10, here as a phase diagram spanned by the
axes Ω2A and ΩλS . The intersection of the cylinder-
tape boundary Ω2A ' 13.2ΩλS with the critical condi-
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FIG. 10: Continuum theory (fixed-N/fixed-Ω) phase dia-
grams for morphology selection of twisted bundles for a range
of values of ΩλB . Solid lines are predicted transition lines
between defect-free cylinders and tapes, and dashed line is
threshold stability for 5-disclinations in cylinders. Equilib-
rium tapes are predicted in the shaded regions between the
solid boundaries and dashed lines, with triple points indicated
as empty circles. For ΩλB ≥ 0.155, tape morphologies are not
stable.
tion for stabilizing 5-fold defects in cylinders Ω2A ' 0.71
yields the triple point where defect-free cylinder, defect-
free tape and defective cylinder phases meet, giving also
the prediction for the dependence of the critical ductil-
ity (σ/d)c on N , shown in Fig. 7. Here, we also show
the effect of non-zero bending stiffness or ΩλB 6= 0. The
effect of bending stiffness in this morphology phase di-
agram is to penalize tape morphologies (which possess
a larger second moment of cross-section area 〈r2〉) rela-
tive to cylinders, shifting the cylinder-tape boundary to
larger values of Ω2A as shown in Fig. 10, particularly
at low values of ΩλS where brittle interactions otherwise
favor very-wide tapes. This analysis shows that above a
critical stiffness value, for (ΩλB)max ≥ 0.155, the window
of intermediate twist tapes is shifted above the thresh-
old for stable defects (which are insensitive to bending
stiffness) and we therefore expect tape-like bundles to be
preempted entirely by defective cylinders when filaments
exceed this critical stiffness Bmax ≈ Ω−2(d/σ)2.
IV. CONCLUSIONS
In this paper we investigate two models of morphol-
ogy competition for self-assembled chiral filament bun-
dles. The first considers the ability to “escape” frustra-
tion by untwisting chiral inter-filament skew and its effect
on the otherwise self-limiting assembly of bundles. We
find that finite stiffness of inter-filament chiral interac-
tions, K, puts an upper limit on the (cohesive) surface
energy Σmax ∼ Kν at which finite, frustration-limiting
bundles form where ν = 3/2 for K  Kc and ν = 5/4
for K  Kc where Kc = Ω20(ρ0B)2/Y . When chiral in-
teractions are sufficiently stiff (K >∼ 100Kc) equilibrium
assembly includes windows of both cylindrical (small Σ)
and tape-like bundles (intermediate Σ) as well as bulk,
untwisted assembly (large Σ), while in the opposite limit
of “soft” chiral interactions, the window of tapes narrows
dramatically and ultimately vanishes, leading to direct
transition from twisted cylinders to bulk assembly for
even weakly cohesive bundles. The second model inves-
tigates the interplay between competing morphological
responses to inter-filament frustration: bulk defects vs.
boundary anisotropy. We found that when inter-filament
bonds are sufficiently brittle, tape-like bundles are sta-
ble as an intermediate-twist phase between defect-free
cylinder (low twist) and defective cylinder (high twist)
morphologies, and that the selection of the energetically
favorable morphology was controlled by the relative cost
of straining inter-filament bonds in the bulk (as required
to form large isotropic domains and topological defects)
compared to the cohesive cost of creating excess free bun-
dle surface, which has the critical effect of lowering frus-
tration costs through low-energy boundary deformation.
The results demonstrate a surprising and generally
overlooked properties of geometrically-frustrated assem-
blies [23]. Preferred chiral ordering makes uniform or-
der, both intra- and inter-filament, impossible, leading
to a competing set of heterogeneous, and morphologi-
cal distinct, local free energy minimal. Thus, a proper
understanding of even the equilibrium behavior of these
systems is a far greater challenge than canonical, un-
frustrated systems, requiring an analysis of all classes of
metastable equilibrium, each of which is governed by a
distinct set of thermodynamic or microscopic parameters
describing assembly. In the context of the present work,
an outstanding challenge still remains to compare and
understand the competition of all four classes of morpho-
logical responses at once: self-limiting width, untwist-
ing of chiral interactions, formation anisotropic boundary
shape or topological defect in the interior.
Furthermore, a much broader challenge will remain
to understand how the principles of morphology selec-
tion analyzed here also controls non-equilibrium assem-
bly. For example, in [41] we analyzed the tape-like and
cylindrical morphologies of twisted amyloid protein bun-
dles in terms of the equilibrium (fixed twist) model of
domain shape selection, and we find that tapes form at a
degree of bundle twist, where based on the present study,
we would expect equilibrium morphologies to relax frus-
tration via one or more 5-fold interior defects while re-
taining a cylindrical shape. The observation of tapes in
this regime suggests a kinetically limited assembly path-
way, where the bundles are kinetically free to relax frus-
tration upon reaching a critical size through anisotropic
domain growth, but may be subject to very large bar-
riers that inhibit the global reorganization of defect-free
tapes into defective cylinders. A systematic study of the
thermodynamically and kinetically accessible pathways
between distinct morphologies of chiral filament bundles,
or geometrically frustrated assemblies more broadly, re-
mains a critical and unresolved aspect of the anomalous
13
behavior of these systems.
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Appendix A: Continuum theory of fixed-area
bundles
Here, we describe the continuum model prediction for
coexistence between cylindrical and tape morphologies,
restricted to fixed twist rate Ω and fixed area A, equiv-
alent to fixed filament number, N ' Aρ0. In this
case, cylinder radius R and tape width w and thick-
ness t satistfy A = piR2 = wt. Defining dimension-
less area A¯ ≡ Ω2A, elasto-cohesive length λ¯S ≡ ΩλS ,
and bend penetration depth λ¯B ≡ ΩλB , we rewrite eqs.
8 and 9 (neglecting the contribution from twist elastic-
ity for fixed-twist ensemble and re-casting energy density
f ≡ F/Y V ),
fcyl =
2pi1/2 λ¯S
A¯1/2
+
λ¯2B
4pi
A¯+
3
128pi2
A¯2 (A1)
and
ftape ' 2 λ¯S
A¯1/2
(√
α+
1√
α
)
+
λ¯2B
24
A¯(α+
1
α
)
+
1
160
A¯2α−2. (A2)
The equilibrium value of aspect ratio α∗ is determined
by the condition
∂ftape
∂α
∣∣∣∣
α∗
= 0 (A3)
where we consider only the stable solutions where aspect
ratio α∗ > 1, since the inter-filament elastic energy fails
to hold for α <∼ 1. For example, if we consider the limit
of α 1 and λB = 0 (as discussed in the text), we may
neglect the bending terms and the surface contribution
from the narrow ends of the tape section (∝ α−1/2  1),
relative to the large contribution from the wide dimension
(∝ α1/2  1). From this limit of A3 we find equilibrium
tape dimensions and energy,
α∗ =
A¯
(80 λ¯S)2/5
, ftape(α
∗) =
54/5
29/5
λ¯
4/5
S (A4)
Coexistence is determined by the solution to fcyl(α∗ =
ftape.
Exact numerical solution of equilibrium conditions for
λB = 0 gives coexistence between cylinders and tapes
along the line
Ω2A ' 13.2(ΩλS)2/5. (A5)
.
With increasing bending cost, tapes become less sta-
ble due to the distribution of filaments to larger radial
distances from the twist axis, and therefore, higher cur-
vature. Notably, for ΩλB > 0.155, tapes are unstable
for all Ω2A below the threshold 2pi/9 which defines co-
existence of the defect-free cylindrical morphology with
defective cylindrical morphology with (+1) topological
charge (equivalent to (ΩR)c =
√
2/9 derived in [36]).
The triple point where defective structures coexist with
both defect-free tapes and cylinders, is found according
to the above conditions for coexistence, subject to the
constraint (Ω2A)c = 2pi/9 ' 0.7.
Appendix B: Simulation Methods
1. Inter-filament potential
Here we describe formulas used to model the inter-
filament cohesive interactions. Similar descriptions ap-
peared previously in [30, 31, 41].
We assume the form of the pairwise interaction poten-
tial defined by u(∆) and ∆E in eqs. 22 and 21 derives
from the superposition of pair-wise interaction V (r) be-
tween material points along two filaments, as described
before in [31]. Parameterizing centerlines of i and j fil-
aments by Xi(si) and Xj(sj) (si and sj are arc length
coordinates), then the total energy is simply
∆Eij =
∫
dsi
∫
dsj V (|Xi(si)−Xj(sj)|) (B1)
Taking Xi(si) as the outer filament (such that ρi ≥ ρj),
we define ∆ij as the separation that connects Xi(si) with
the closest point on i at Xj
(
s∗j (si)
)
. That is Xj(s
∗
j (si))−
Xi(si) = ∆ij , such that
d
dsj
|Xi(si)−Xj(sj)|2
∣∣
s∗j (si)
= 0.
Defining δsj ≡ sj − s∗j (si) as the arc-distance from the
closest contact on j to i, we have
|Xi(si)−Xj(sj)|2 = |∆ij |2+(δsj)2(1+κj∆ij ·Nj)+O[(δsj)3]
(B2)
where ∆ij ·Nj is the projection of the inter-filament sep-
aration along the normal direction of the inner filament.
For sufficiently short-range potential V (r) with respect
to filament curvature and constant filament curvatures:∫
dsjV (|Xi(si)−Xj(sj)|) =
∫
duV (
√|∆ij |2 + u2)√
1 + κj∆ij ·Nj
(B3)
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Defining
u(∆) ≡
∫ +∞
−∞
du V (
√
∆2 + u2), (B4)
and for outer filament length `i :
dEij =
u(|∆ij |)√
1 + κj∆ij ·Nj
dsi. (B5)
Thus, the total energy depends on the length of the outer
filament and the second-order deflection of j near to close
contact with i, accounting for the factor of (1 + κj∆ij ·
Nj)
−1/2. Taking ∆`i as the discrete approximation for
dsi we arrive at the formula for ∆Eij used in eq. (21).
When the interaction has the form of a Lennard-Jones
potential, V (r) = V0[(σ0/r)
12 − 2(σ0/r)6], then u(∆) =

6 [5(σ/∆]
11 − 11(σ/∆)5] with preferred filament spacing
d = σ = 0.947σ0 and minimum energy  = 1.686V0σ0
[31]. Hence the range (and curvature) of the cohesive
potential is locked to the equilibrium spacing for this
particular model of cohesive “threads”. Here, we use a
broader class of inter-filament potentials, u(∆), that al-
low for independent adjustment of equilibrium spacing,
d, and range, σ of attractive well:
u(∆) =

6
[ 5σ11
(∆ + σ − d)11 −
11σ5
(∆ + σ − d)5
]
(B6)
At the minimum ∆ = d, the curvature, or stiffness, of
the potential is a function of σ only,
d2u(∆)
d∆2
∣∣∣∣
∆=d
=
55
σ2
(B7)
The above form of this potential at the minumum con-
trols the coarse-grained modulus of the inter-filament ar-
ray (see [31, 41]), Y ' 110/(√3σ2), while the filament
diameter controls the surface energy Σ ' /d, allow-
ing for a broadly tunable range of elasto-cohesive length
λS = Σ/Y
The inter-filament spacing ∆ is computed according to
an approximation previously established [30]. In short,
for filaments with centerlines intersecting the cross sec-
tion at positions xi and xj , the exact expression for inter-
filament distance comes from minimization with respect
to the vertical component of separation z of the following:
|∆ij(z)|2 = |xi|2 + |xj |2 − 2xi · xj cos(Ωz)
+ 2|xi × xj | sin(Ωz) + z2 (B8)
To approximate the contact separation z∗, we use the
following interpolation,
tan(Ωz∗) ≈ Ω
2|xi × xj |
1 + Ω2xi · xj . (B9)
This form interpolates between the exact solutions to
d
dz |∆ij(z)|2 = 0, in the limits of small and large Ω2ρiρj
and has been shown to be sufficiently accurate for poten-
tials whose range is smaller that their thickness, a limit
well satisfied by simulations here.
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FIG. 11: In (A), starting configurations are sampled with fil-
ament centerline positions arranged on an hexagonal lattice.
Structures of varying aspect ratio are taken by selecting points
within a stadium boundary with varying dimensions. Lattice
vertices circled blue correspond to “pruned” filament posi-
tions removed to maintain target N . In (B), the dimensions
of the lattice configurations sampled for N = 181 filaments
are shown, corresponding to sampling with stadium bound-
ary aspect ratios α = 1 − 7.5, with example configurations
are shown as highlighted. In (C), the energy density of re-
laxed lattice configurations are shown at twist Ω
√
N = 0.80,
for two values of ductility σ/d. For brittle case, σ/d = 0.4,
α ' 3 tapes are favored, while for the relative ductile case,
σ/d = 1.0, roughly cylindrical bundles (α ' 1) are optimal.
2. Simulation Details
Method A, Lattice Sampling - Initial configurations
were generated with filament positions on a triangular
lattice with spacing d, at points within a stadium perime-
ter (connecting two half-circles with straight lines as in
Figure 1A). The stadium aspect ratios were taken rang-
ing from 1.0 to 7.5 in increments of 0.2, and taken with
center on a lattice point, lattice edge and the center of
of a triangular plaquette. For aspect ratio larger than
1, the longer dimension (tape width) was oriented along
the close-packed lattice direction. Stadium dimensions
were chosen to be the smallest so that each choice of as-
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pect ratio and stadium center enclosed the desired num-
ber of filaments. When this produced a structure with
excess filaments (i.e. close to, but more than predeter-
mined N), additional points were omitted from the last
close-packed row, starting from the end. This filament
“pruning” is illustrated in Fig. 11A, where two outer
points are omitted to produce the structure with 181 fila-
ments. Fig. 11B shows the dimensions, and two limiting
example structures, of lattice initialized configurations
sampled for N = 181 filaments. Corresponding relaxed
energies for each lattice structure sampled are shown in
Fig. 11c for a twisted bundles at two sample values of
ductility σ/d (brittle/ductile).
Method B, Random Sampling - Random initial configu-
rations were generated by uniformly distributing filament
positions within a circular boundary of radius 0.5
√
Nd,
such that the starting configuration always had slight
compression. In Fig. 12, we show how these randomly
seeded configurations lead to competing energy minima
with a range of Q for a given bundle parameter values.
For the purposes of our present study, we chose to exhaus-
tively sample the defective configurations for N = 59 and
N = 181, and sample defect configurations in N = 101
and N = 440 bundles more sparsely, only to confirm the
transition from defect-free cylinders/tapes to defective
packings at the critical twist. Accordingly, the number
of randomly-initial configurations, ninit per set of bundle
parameters (Ω and σ/d) was varied with N : ninit = 6000
for N = 59; ninit = 3000 for N = 101; ninit = 60000 for
N = 181; and ninit = 3000 for N = 440. For N = 1540,
no attempt was made to sample random initial struc-
tures, due to the prohibitive computational cost for bun-
dles at this size.
For each value of filament number N , simulations were
run with twist Ω
√
N ranging from 0 to 2.0 with 30 equally
incremented values. The range of ductility σ/d varied
with filament number N , and values of σ/d were spaced
logarithmically with successive ratio 1.096:
# filaments N Ductility σ/d # random samples
59 0.253 - 1.318 6 000
101 0.253 - 1.318 3000
181 0.253 - 1.318 60 000
440 0.253 - 1.738 3000
1540 0.253 - 1.738 N/A
Structure Relaxation - From each set of initial filament
positions, a local equilibrium was found by steepest de-
scent according to the defined energy density, stopping
when the largest component of the gradient (parameter-
ized by filament coordinates) had magnitude less than
10−4/d. In areas of low twist, the best structures were
generated by slight relaxation of configurations generated
from a triangular lattice. Larger rearrangements were
required in regions of high twist, and randomly gener-
ated starting configurations consistently produced more
favorable structures. In order to allow larger rearrange-
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FIG. 12: Lowest-energy states of competing morphologies,
for N = 181, σ/d = 0.40, plotted according to cohesive energy
density (relative to Ω = 0 value). Here, we show lowest energy
obtained with each morphological class, with morphology in-
dicated as in Fig. 5 legend: defect-free cylinders or tapes and
defective cylinders for each non-zero Q value. Shaded vertical
regions highlight transitions between stable morphology.
ments even with brittle systems and to remove overlaps
with filament “cores” (∆ < d−σ), initial structures were
first (before steepest descent) preconditioned by relax-
ation via steepest descent according to a soft repulsive
potential,
Upre =
N∑
i,j
(1− |∆ij |/d)2Θ(d− |∆ij |) (B10)
3. Simulation analysis
Morphology Characterization - The lowest-energy
structure at each point on the phase diagram was an-
alyzed, taking both the aspect ratio and net topological
charge of the interior. The aspect ratio was taken from
the lateral dimension of the minimum-area rectangle that
encloses the cross section. The minimal-area rectangle is
found from considering all rectangles enclosing the struc-
ture’s convex hull where one edge of the rectangle must
coincide with an edge of the convex hull.
The net topological charge was computed by Delau-
nay triangulation of the transformed cross-sectional po-
sitions. As the true distances between filaments are
properly encoded in the dual metric surface, we tri-
angulate based on a conformal map of filament posi-
tions from the dual surface to the 2D plane . This
map is performed by radial dilation of filament posi-
tion, ρ′ = ρ
1+
√
1+(Ωρ)2
e
√
1+(Ωρ)2 for a filament with cross-
sectional radial position ρ. This mapping results in the
angles between filament separations reflecting the true
inter-filament bond angles when measuring filament dis-
tances according to the geodesic distance on the dual
surface [30]. The conformal map allows regular Delaunay
triangulation, subdividing the convex hull of the packing
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into triangles connecting filament positions, so that the
minimum inter bond-angle of the triangulation is maxi-
mized.
The perimeter of the bundle was constructed by start-
ing with the convex hull, then successively removing
exterior bonds with large distance of closest approach,
|(∆ij/d)| > 1.4 and adding the interior point that shared
a triangular plaquette according to the Delaunay trian-
gulation. The net topological charge of the interior was
then taken by totaling the excess coordination for each
filament not belonging to the set of boundary filaments.
Surface and Bulk Cohesive Energies - Here we decom-
pose the cohesive contribution from pair-wise interac-
tions,
∆Ecoh =
∑
ρj≤ρi
u(|∆ij |)∆`i√
1 + κj∆ij ·Nj
, (B11)
into energies associated with surface formation and bulk
inter-filament deformation. The surface energy is taken
to be the deficit of exterior filament contact from a ref-
erence state with total cohesive energy 3. The surface
energy is then
∆Esurf =
∑
i∈exterior
[
3−
(1
2
∑
j≤N
u(∆ij)√
1 + κj∆ij ·Nj
)]
∆`i
(B12)
The bulk energy is taken as the difference, ∆Ebulk =
∆Ecoh −∆Esurf.
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